Abstract. Lyubeznik's conjecture, ([Ly1] , Remark 3.7) asserts the finiteness of the set ssociated primes of local cohomology modules for regular rings. But, in the case of ramified regular local ring, it is open. Recently, in Theorem 1.2 of [Nu], it is proved that in any Noetherian regular local ring S and for a fixed ideal J ⊂ S, associated primes of local cohomology H i J (S) for i ≥ 0 is finite, if it does not contain p. In this paper, we use this result to construct examples of local cohomology modules for ramified regular local ring so that they have finitely many associated primes.
introduction
Consider a Noetherian ring R and an R-module M . For an ideal I ⊂ R and for some integer i ≥ 0, let H i I (M ) be i-th local cohomology module with support in the ideal I. In the fourth problem of [Hu] , it is asked that whether local cohomology modules of Noetherian rings have finitely many associated prime ideals. There are several important examples where we have the finiteness of associated primes of local cohomology modules: (1) For regular rings of prime characteristic [HS] , (2) for regular local and affine rings of characteristic zero [Ly1] , (3) for unramified regular local rings of mixed characteristic [Ly2] and (4) for smooth algebra over Z and Z pZ [BBLSZ] . All these results support Lyubeznik's conjecture, ([Ly1] , Remark 3.7):
Conjecture. Let R be a regular ring and I ⊂ R be its ideal, then for each i ≥ 0, i-th local cohomology module H i I (R) has finitely many associated prime ideals. Recently, in [Pu] , it is shown that for excellent regular ring R of dimension d, containing a field of characteristic zero, for an ideal I ⊂ R, Ass R H d−1 I (R) is finite. Lyubeznik's conjecture is open for the ramified regular local ring, but recently, there is a significant progress (see [Nu] ). In fact, in Theorem 1.2 of [Nu] , it is proved that in a Noetherian regular local ring S and for a fixed ideal J ⊂ S, associated primes of local cohomology H i J (S) for i ≥ 0 is finite, if it does not contain p. In this paper, we use this result to construct examples of local cohomology modules of ramified regular local ring so that they have finitely many associated primes.
In section 2, we review some of the basic results which we need in proving our main results. In section 3, we prove our main results. At first, in Proposition 3.1, we prove a new variant of the result of Theorem 2.1 of [Bh] . Using Proposition 3.1, in Theorem 3.2, we prove our first main result: Consider a ramified regular local ring S of mixed characteristic p > 0 of dimension d and choose a regular system of parameters such that p is not in the ideal generated by any d − 1 of them. Let J be an ideal generated by monomials formed out of d − 1 such a regular system of parameters. Consider an ideal β in a polynomial rings in d − 1 indeterminates over the prime field, generated by similar monomials but now formed out of d − 1 indeterminates. If β is perfect, then Ass S H i J (S) is finite for every i ≥ 0 except i = ht J +1, ht J +2. It is important to note that, here the monomials are generated by regular system of parameters, which is obviously a system of parameter, but it does not contain p as one of the parameter.
As a consequence of Theorem 3.2, in Corollary 1, we have our next important result which can be stated as follows: Consider ramified regular local ring S of dimension d and let there be positive integers m and n such that d − 1 = mn. Consider a set of regular system of parameters where p is not in the ideal generated by any d − 1 of them. If J is an ideal, generated by size t minors of m × n matrix formed by d − 1 such regular system of parameters, then for every i ≥ 0, except i = ht J + 1, ht J + 2, Ass S H i J (S) is finite. In Theorem 3.3, we present our third main result. There, we construct examples of ramified regular local rings, so that for a countable set of ideals, there are countable set of local cohomology modules with supports in those ideals, having finite set of associated primes.
basic results
In this section, we discuss two basic results which we need to prove the results in the next section. For local cohomology modules we have the following well known result, regarding the behaviour of associated primes of local cohomology modules under faithfully flat extension. [Nu] ). We need it to prove Proposition 3.1 in the next section.
Theorem 2.2. Let S be a regular commutative Noetherian local ring of mixed characteristic p > 0. Then, the set of associated primes of H i J (S) that do not contain p is finite for every i ∈ N and every ideal J ⊂ S.
main results
We begin the section with the following proposition which is a new variant of the result of Theorem 2.1 of [Bh] to prove the next theorem. The part of the proof this proposition is similar to that of Theorem 2.1 of [Bh] . (1) S is an Eisenstein extension of R by Eisenstein polynomial
is an ideal such that IS = J and multiplication by p on
we get the following long exact sequence of local cohomologies
Since p is a non zero divisor of both
, from above long exact sequence we get that,
is an unramified regular local ring and Eisenstein polynomial f (X) is of the form f (X) = X n + a 1 X n−1 + . . . + a n with a i ∈ m for every i ≥ 0 and a n / ∈ m 2 . At first, we claim that
Thus r t = 0 and we have a contradiction. Thus (p, f (X)) is a R[X]-regular sequence. Using (b) of (12.2) Discussion of [Ho] we can see that (f (X), p) is also R[X]-regular sequences. Set R[X] = R ′ and f (X) = f . Consider the following diagram of short exact sequences where every row and column is exact.
This above diagram yields the following diagram of long exact sequences where all rows and columns are exact.
From first paragraph of the proof, we already have
, due to injectivity of the multiplication map by p, the image of z in H i I (R ′ ) is zero. Since every square in the diagram is commutative, we get that x = 0. So, p is a nonzero divisor of
. Now using Theorem 1.2 of [Nu] we conclude. Now, we state our first main result. Proof. Since completion is a faithfully flat extension, using Lemma 2.1, it is sufficient to prove the theorem for complete ramified regular local ring. So, we can assume that S is complete. Fix a regular system of parameters x 1 , x 2 , . . . , x d in S. Let J be an ideal generated by d − 1 number of these regular system of parameters x 2 , . . . , x d . Let R 0 be its coefficient ring. From hypothesis, we can get a system of parameters p, x 2 , . . . , 
Consider the ideal α ⊂ T such that α is generated by monomials similar to those which generates J. Since p is an T -regular element, for short exact sequence
It is to be noted that, we have the natural map
Consider polynomial ring (Z/pZ)[x 2 , . . . , x d ] of d − 1 variables over prime field Z/pZ and let β be the ideal generated by monomials similar to those which generates J. From assumption, β is perfect.
pT is faithfully flat extension where (α)(T /pT ) = (β)(T /pT ).
It is easy to see that due to flatness (β)(T /pT ) i.e. (α)(T /pT ) is perfect ideal in T /pT . Now From Proposition 19 of [HE] , we get T /(p + α)T is Cohen-Macaulay. From Proposition 4.1 of section III of [PS] , we get H i α (T /pT ) = 0 for every i ≥ 0, except i = ht α. This gives that multiplication by p on H i α (T ) is an isomorphism for every i ≥ 0 except i = ht α, ht α + 1.
Next, we observe the following: For faithfully flat extension of Noetherian rings A → B, let α be an ideal of A. Then grade (α, A) = grade (αB, B). Let a 1 , . . . , a n be the maximal length of A-regular sequence which is inside α. It is easy to observe grade (α, A) ≤ grade (αB, B). Let there be an element a n+1 b ∈ αB such that a 1 , . . . , a n , a n+1 b is a B-regular sequence in αB. Let a n+1 a ∈ (a 1 , . . . , a n ). This implies a n+1 ba ∈ (a 1 , . . . , a n )B. This gives a ∈ (a 1 , . . . , a n )B ∩ A = (a 1 , . . . , a n ). Moreover A/(a 1 , . . . , a n+1 )A = 0. Thus a 1 , . . . , a n+1 be the maximal length of Aregular sequence which is inside α, but this is a contradiction. Thus grade (α, A) = grade (αB, B). Now, T → R[X] is faithfully flat extension. So tensoring with last long exact sequence of homology with R[X] we get, To prove this claim, let there be
This givesȳ r+1z ∈ (ȳ 2 , . . . ,ȳ r )S which in turn implies that z ∈ (f (X), y 2 , . . . , y r )R[X] m . This contradicts the fact that {f (X), y 2 , . . . , y r } is a maximal R[X] m -regular sequence in IR[X] m . To see that {z 2 , . . . ,z s } is a maximal S-regular sequence, let there exists z s+1 = a + bf (X) with a ∈ αR[X] and b / ∈ f (X)R[X], such thatz s+1 is S/(z 2 , . . . ,z s )S-regular sequence. At first, we observe that a can not be zero. Otherwise, f (X) and bf (X) becomes part of regular sequence and
m . This gives (a + bf (X))z ∈ (f (X), z 2 , . . . , z s ). Thus passing to the ring S, we getz ∈ (z 2 , . . . ,z s )S. Thus z ∈ (f (X), z 2 , . . . From the second paragraph of the proof, we notice that ht I = ht J + 1. Thus for every i ≥ 0, except i = ht J +1, ht J +2, Ass S H i J (S) is finite. Thus we conclude. We observe our next important result as an application of above theorem in the following corollary. 
brevity) over field K, in matrix of indeterminates and let I t (X)K[X ij ] is an ideal generated by size t minor of matrix (X ij ). From [HE] , we get that for I t (X)K[X ij ] is perfect and result is then immediate from above theorem. Now we present our third main result of this paper in the following theorem. It proves that, there always exists a ramified regular local ring, with a countable collection of ideals, such that we get a countable collection of local cohomology modules with support in those ideals, having finite set of associated primes. 
Remark 1. In Theorem 3.2 above, it is to be noted that minimal polynomial
f (X) of x 1 in the ring R[X], is not even inside the radical of αR[X]. Let f (X) = X n + b 1 X n−1 + . . . + b n . Raising to a power of integer t, we get (f (X)) t = X nt + · · · + b t n . If (f (X)) t ∈ αR[X] then 1 ∈ α,
